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Abstract
We use chiral effective field theory (χEFT) to make predictions for the longitudinal electromag-
netic response function of the deuteron, fL, which is measured in d(e, e
′N) reactions. In this case
the impulse approximation gives the full χEFT result up to corrections that are of O(P 4) rela-
tive to leading order. By varying the cutoff in the χEFT calculation between 0.6 and 1 GeV we
conclude that the calculation is accurate to better than 10% for values of q2 within 4 fm−2 of the
quasi-free peak, up to final-state energies Enp = 60 MeV. In these regions χEFT is in reasonable
agreement with predictions for fL obtained using the Bonn potential. We also find good agreement
with existing experimental data on fL, albeit in a more restricted kinematic domain.
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I. INTRODUCTION
The use of chiral perturbation theory (χPT) to describe few-nucleon systems is a problem
that has received much attention over the past twenty years. This effort began with the
seminal papers of Weinberg [1], and has recently been reviewed in Refs. [2, 3]. In this
approach the NN potential is computed up to some fixed order, n, in the chiral expansion
in powers of P ≡ (p,mpi)/Λ0. Here p is the NN c.m. momentum, mpi the pion mass,
and the breakdown scale Λ0 is nominally mρ ∼ 4pifpi, but in reality is somewhat lower for
reactions involving baryons. This NN potential is then iterated, using the Schro¨dinger or
Lippmann-Schwinger equation, to obtain the scattering amplitude. This approach has come
to be known as chiral effective field theory (χEFT) as it encodes the consequences of QCD’s
pattern of chiral-symmetry breaking for few-nucleon systems and is built on a systematic
expansion in powers of P , while resumming the non-perturbative effects that lead to the
existence of nuclear bound states.
Electromagnetic reactions provide particularly fertile ground for the application of χEFT.
A few-nucleon electromagnetic current operator, Jµ, can also be derived from χPT [4–9],
and matrix elements are then constructed via:
Mµ = 〈ψ
(f)|
n∑
k=0
J (k)µ |ψ
(i)〉, (1)
where |ψ(i)〉 and |ψ(f)〉 are solutions of the Schro¨dinger equation for the χEFT potential V—
in principle at order n. χPT predicts that short-distance effects will enter Jµ eventually, but
minimal substitution generates the first several orders in the expansion for Jµ, especially
in the case of the charge operator. This enables predictions for charge form factors of
A = 2 [9–13] and A = 3 [9] systems to be obtained as pure predictions up to order P 4
relative to leading order. These predictions agree well with data up to at least Q2 = 0.4
GeV2. In the magnetic response the first short-distance operator not determined by NN
scattering or single-nucleon properties enters considerably earlier, but accurate predictions
for form factors can still be made [9, 14]. Indeed, the existence of this additional short-
distance operator allows enhanced understanding of magnetic moments and M1 transitions
in systems up to A = 9, with reactions that had not previously been understood now
being explained, and correlated, through the presence of the same short-distance γNN→NN
operator [15, 16].
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In this work we focus on the application of this formalism to electrodisintegration of
deuterium, and specifically the computation of the longitudinal response function, fL. fL
is proportional to the square of the matrix element of the NN charge operator between the
deuteron wave function and the wave function of a continuum NN state. J0 is given solely
by a single-nucleon operator up to O(P 4) relative to leading order in the χEFT expansion,
so calculations of fL can take the information gleaned on NN interactions from scattering
experiments and use it to make quite accurate predictions for an electromagnetic observable.
Deuteron electro-disintegration has been employed as a testing ground for NN models for
a long time [17–22]. Since the 4-momentum in the breakup process is given by a virtual
photon, a richer set of kinematics can be probed as compared to the photo-disintegration
process. And, in addition to the deuteron wave function, the disintegration process probes
both the on-shell and off-shell NN t-matrix through the final-state interaction.
This means that the solutions for the deuteron wave function |ψ〉, and the NN t-matrix,
are input to our calculation. To obtain them from χEFT potentials we need to impose a
cutoff on the intermediate states, Λ. The low-energy constants (LECs) multiplying contact
interactions in the nucleon-nucleon part of the chiral Lagrangian should then be adjusted
to eliminate any cutoff dependence ∼ O(1) or greater in the effective theory’s predictions
for low-energy observables. If this is not possible we conclude that χEFT is unable to
give reliable predictions. At leading order the χEFT potential consists of a zero-derivative
contact interaction that is operative only in NN partial waves with L = 0 together with
one-pion exchange, which is active in all partial waves. In an earlier work we showed how to
“subtractively renormalize” the LO equations for NN scattering in these two channels [23].
This technique eliminates the contact interaction in favor of a low-energy observable (e.g.
the relevant NN scattering length). This makes it straightforward to take the limit Λ→∞:
no fine-tuning of the pertinent LEC is necessary. The resulting phase shifts (and one mixing
parameter) do not provide anything like a precision description of NN data, but they are,
at least, a well-defined, renormalized LO calculation.
However, several papers have demonstrated that a LO χEFT calculation does not produce
reliable predictions in partial waves with L > 0 once Λ is sufficiently large [24–27]. This is
because only one-pion exchange is present in these waves at LO, and the resulting singular
potential has no NN LEC that permits renormalization. We examined this problem within
the context of subtractive renormalization and confirmed the conclusion of Ref. [25], i.e.
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any partial wave with L > 0 where one-pion exchange is attractive does not have stable LO
results in χET [28]. We also showed that this problem is not removed at O(P 2) or O(P 3).
In particular, at O(P 3) two-pion exchange produces a highly singular, attractive potential.
The NN contact interactions needed to renormalize this potential are not present, e.g. in
the 3P2-
3F2 channel. The resulting lack of stability with Λ of the NN phase shifts occurs
once Λ is larger than ≈ 1 GeV. In Ref. [29] we used subtractive renormalization to calculate
S-wave NN phase shifts from O(P 2) and O(P 3) χET potentials. Here too we found that
the phase shifts are not stable once Λ > 1 GeV. In this case part of the problem is that
the momentum-dependent contact interaction that appears at O(P 2) has limited effect as
Λ → ∞ [30–32]. Thus the NN potential obtained by straightforward application of χPT
cannot be used over a wide range of cutoffs: χEFT as formulated above is not properly
renormalized, i.e. the impact of short-distance physics on the results is not under control.
Nevertheless, in Refs. [33–35] (Refs. [36, 37]) V was computed to O(P 2) and O(P 3)
(O(P 4)), and the several NN LECs which appear in V were fitted to NN data for a range of
cutoffs between 500 and 800 MeV. The O(P 4) predictions contain very little residual cutoff
dependence in this range of Λ’s, and describe NN data with considerable accuracy. This
suggests that χEFT may be a systematic theory of few-nucleon systems if we employ Λ’s
in the vicinity of mρ. Since the short-distance physics of the effective theory for p≫ mρ is
different to the short-distance physics of QCD itself, some authors argue that considering
Λ ≫ mρ does not yield any extra information about the real impact of short-distance
physics on observables [38, 39]. Using low cutoffs has the advantage that relevant momenta
are demonstrably within the domain of validity of χPT. Discussion about whether such a
procedure results in the omission of some operators is ongoing [40, 41]. In what follows
we employ wave functions obtained with the standard χEFT counting and our subtractive
renormalization method [28, 29], but we do so only for cutoffs Λ up to the maximum value
where we found reasonable results in Refs. [28, 29], i.e. Λ ≤ 1000 MeV.
Our deuteron electrodisintegration calculation provides an opportunity to test this strat-
egy, by comparing its predictions for deuteron structure and final-state interactions to ex-
perimental data. However, experimental data on fL are somewhat limited—especially in
the low-energy and low-q2 region of most interest to χEFT. Much of the data on fL that
do exist have been averaged over spectrometer acceptances, which makes comparison with
theory not only complicated, but also, in some cases, ambiguous. Therefore, although we do
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compare with data from Refs. [42–44], we use the Bonn-potential calculations of Arenho¨vel
et al. as a proxy for data. These calculations have been quite successful in describing data:
non-L/T separated [45–48], L/T-separated [42–44], and even on the interference response
functions, fLT and fTT [49–55], taken at many different laboratories over a wide range of
relevant kinematic conditions. (Note that we do not list data at squared momentum trans-
fers > 1 GeV2 here because those are well outside the reach of χEFT, and even beyond the
scope of the semi-relativistic treatment of Arenho¨vel et al.. For recent progress on high-Q2
electrodisintegration see Refs. [56–59] and references therein.)
A necessary condition for the χEFT predictions to be considered reliable is that they
show minimal dependence on the cutoff Λ. We will use this criterion to diagnose situations
in which the final-state interaction matrix-element computation has significant sensitivity
to short-distance physics. Deuteron photodisintegration has been studied (albeit with an
incomplete current operator) in χEFT by Rozdzepik et al. using a similar strategy and the
wave functions of Refs. [37] [60]. Since this process involves real photons, it is sensitive to the
deuteron transverse response function, fT , and has no dependence on the response function
computed here. Christlmeier and Grießhammer computed deuteron electrodisintegration at
very low energies and momentum transfers in the pionless effective field theory [61]. They
demonstrated the incompatibility of the data on the mixed response function fLT , published
by von Neumann-Cosel et al. with the low-energy NN phase-shift data and our knowledge
of other electromagnetic transitions in the NN system [62]. This helped them diagnose a
flaw in the analysis of Ref. [62]. Pionless EFT was also successfully applied to the (e, e′)
data taken in a later experiment at S-DALINAC [49].
The paper is structured as follows. In Sec. II we review the facts about the NN charge
operator which are relevant for our study. In Sec. III, we introduce the general set up of
the electrodisintegration problem and lay out the basic formulae. In Sec. IV we evaluate the
matrix element of J0 which enters fL and derive an explicit expression for it in terms of partial
waves. We also present the NN input used, i.e. results for deuteron wave functions and NN
phase shifts from Refs. [28, 29]. In Section V we present our results for the longitudinal
response function. We pay particular attention to the kinematic regions where significant
dependence of fL on the momentum cutoff Λ is and is not present. We present our conclusions
in Sec. VI.
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II. THE NN CHARGE OPERATOR TO O(eP 3)
In this section we analyze the NN charge operator J0, expanding it in powers of the χEFT
small parameter P . Since our wave functions are computed up to O(P 3) relative to leading
order, we also need the two-nucleon charge operator J0 up to the same relative accuracy.
We denote the leading order for J0 as O(e). A J0 that is consistent with chiral potential V
up to O(eP 4) (and obeys appropriate Ward identities) has recently been obtained by several
authors [4, 5, 7–9]. We now summarize the results needed for this study.
The analysis proceeds by dividing the charge operator into an isoscalar part J
(s)
0 , and an
isovector one J
(v)
0 . Up to corrections of O(eP
4) in the chiral expansion we have, on the basis
of states of NN relative momentum 1:
〈p′|J
(s)
0 (q)|p〉 = [δ(p
′ − p− q/2) + δ(p′ − p+ q/2)]G
(s)
E (Q
2) (2)
where G
(s)
E is the isoscalar nucleon form factor, and we have summed over the contributions
of nucleons one and two. In the case of the deuteron we may use the symmetry of the state
(only even partial waves are present) to prove that the two terms in square brackets are
equal.
Meanwhile for J
(v)
0 we have:
〈p′|J
(v)
0 (q)|p〉 =
[
δ(p′ − p− q/2)τ
(1)
3 + δ(p
′ − p+ q/2)τ
(2)
3
]
G
(v)
E (Q
2), (3)
where G
(v)
E is the isovector nucleon form factor. This operator does not contribute to the
matrix elements for elastic scattering, but it is relevant for electrodisintegration. G
(s)
E and
G
(v)
E are related to the proton (neutron) charge form factor G
(p)
E (G
(n)
E ) by
G
(s,v)
E (Q
2) =
1
2
(G
(p)
E (Q
2)±G
(n)
E (Q
2)), (4)
where the +(−) sign applies to the s(v) case.
χPT does a reasonable job describing G
(v)
E for squared 4-momentum Q
2 < 0.1 GeV2, but
its description of isoscalar nucleon structure G
(s)
E is of limited utility, even in this low-Q
2
domain [63, 64]. Our goal here is to look at higher |q|, and we do not wish to be limited in
our pursuit of that goal by χPT’s description of single-nucleon electromagnetic structure.
1 We present J0 in units of |e|, since these factors of the proton charge are incorporated in the expression
for the electrodisintegration cross section.
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There are no two-body corrections to J0 at O(eP
2). It might seem that there will be an
effect in J
(v)
0 , because the A0 photon can couple directly to the exchanged pion. However,
in the static limit used to obtain NN potentials and charge operators that pion line carries
no energy. Thus two-body corrections to J
(v)
0 that contain such an effect are deferred until
O(eP 4), because we follow the counting of Ref. [37] and count p/M ∼ O(P 2) while p/Λ ∼
O(P ). At O(eP 3) an NN contribution to J0 must be built out of a vertex from L
(2)
piN , one
from L
(1)
piN and a pion propagator. However, the only term in L
(2)
piN that couples an A0 photon
to a nucleon and a pion has a fixed 1/M coefficient, so this effect is also deferred until
O(eP 4).
Therefore, in the counting where p/M ∼ P 2, the NN charge operator is given by Eqs. (2)
and (3), up to corrections of O(eP 4).
III. BASIC FORMULAE FOR DEUTERON ELECTRODISINTEGRATION
The usual expression for the differential cross section for deuteron electro-disintegration
is (see, for example, Ref. [18])
d3σ
dklab2 dΩ
lab
e dΩp
= c{ρLfL + ρTfT + ρLTfLT cos[φ] + ρTT fTT cos[2φ]}. (5)
ρ(f)L,T,LT,TT describe the lepton (hadron) tensor. The kinematics is to be visualized as in
Fig. 1. Here the virtual photon gives its 4-momentum (ω,q) to the deuteron, with these
quantities determined by the initial electron energy and θe, the electron scattering angle. θ
is the angle between q and the momentum p′ of the outgoing proton. (Here and in what
follows, unless otherwise stated, we work in the c.m. frame of the final proton-neutron pair.
If necessary, the superscript “lab” is used to denote quantities in the lab. frame.) Meanwhile,
φ is the angle between the scattering plane containing the two electron momentum vectors
and the plane formed by the outgoing proton and neutron. Finally, in Fig. 1 we have defined
q to be along the z-axis. Hence Ωlabe = (θ
lab
e , φ
lab
e ), Ωp = (θ, φ). Meanwhile,
c =
α
6pi2
klab2
klab1 (q
2)2
, (6)
where α is the fine structure constant, klab1(2) is the absolute value of the incoming (outgoing)
electron 3-momentum in the laboratory frame, and q2 is the 4-momentum-squared of the
virtual photon.
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FIG. 1: The kinematic description of the deuteron electro-disintegration process. The labels are
specified in the text below.
In the (final-state) c.m. frame we have
proton (neutron) 3-momentum : p′(−p′),
proton (neutron) total energy : En = Ep =M +
p′2
2M
,
total energy of deuteron : Ed =Md +
q2
2Md
, Md = 2M − B. (7)
Here M(Md) represents the rest mass of the nucleon (deuteron) and B = 2.24 MeV is the
deuteron binding energy. From energy conservation: |p′| =
√
(ω −B)M + (q)2 M
2Md
. The
quantities in the lab. frame can be easily related to those in c.m. frame by a Lorentz boost
[61] by an amount
β =
|q|lab
Md + ωlab
, (8)
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i.e.,
ωcm = γωlab − βγ|q|lab,
|q|cm = βγMd. (9)
For this work, we do not consider the electron polarization degree of freedom, and cal-
culate only the contribution from the longitudinal part in Eq. (5), which is thus rewritten
as
d3σlongitudinal
dklab2 dΩ
lab
e dΩp
=
α
2pi2
klab2
klab1 (q
2)2
∑
SMsmJ
ρLTSMs0mJT
∗
SMs0mJ
, (10)
where the lepton tensor
ρL = 4E
lab
e E
′lab
e (
q2
q2
) cos2
(
θlabe
2
)
, (11)
and TSMsµmJ is defined as [17]:
TSMsµmds = −pi
√
2α|p′|EpEd/Md〈Ψp′SMs|Jµ(q)|mJ〉. (12)
In Eq. (12) 〈Ψp′SMs| is the NN final state with the total spin quantum number S and
its projection on the z-axis, Ms, both specified, p
′ represents that the final proton has 3-
momentum p′, and µ labels the polarization index of the virtual photon. We consider only
µ = 0 here. The deuteron state |mJ〉 has total angular momentum 1, and mJ labels the
z-projection of its total angular momentum. The angular dependence of Eq. (12) can be
separated into two parts, i.e.,
TSMsµmJ (θ, φ) = e
i(µ+mJ )φxSMsµmJ (θ). (13)
The longitudinal structure function fL is obtained from the θ-dependent part of TSMs0mJ ,
i.e.,
fL =
∑
SMsmJ
xSMs0mJx
∗
SMs0mJ
, (14)
and so
d3σlongitudinal
dklab
2
dΩlabe dΩp
∼ fL, with the proportionality determined solely by kinematic factors.
IV. EVALUATING THE MATRIX ELEMENT
From Eqs. (12) and (14), one sees that to obtain fL, the matrix element
〈Ψp′SMs|J0(q)|mJ0〉 needs to be evaluated, which, up to O(eP
4), can be represented by
〈Ψp′SMsT |J0(q)|mJ0〉 = 〈p
′SMsT |J0(q)|mJ0〉
+〈p′SMsT |t(E
′)G0(E
′)J0(q)|mJ0〉, (15)
9
FIG. 2: The plane-wave impulse approximation diagrams for deuteron electro-disintegration. The
blob on the right of each diagram represents the deuteron state. All momenta in the figure are
measured in the final proton-neutron c.m. frame.
with J0 given by Eqs. (2) and (3), and t(E
′) and G0(E
′) the NN t-matrix and free Green’s
function. Here we have used the T to represent the fact that the final-state wavefunction is
isospin dependent and introduced a 0 in the kets and the T in the two bras on the right-hand
side to indicate the isospin of those states.
The first term on the right-hand side of Eq. (15) is the plane-wave impulse approximation
(PWIA), and the second term is the final-state interaction (FSI). The dynamics of the PWIA
part can be described by Fig. 2: there the final-state proton (neutron) has 3-momentum
p′(−p′) in the final c.m. frame, while before the proton (neutron) is struck, it has 3-
momentum p′ − q/2 (−p′ − q/2) in the deuteron’s c.m. frame.
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A. Isospin decomposition
By inserting a complete set of isospin states and using the identity:
〈pSMsTMT |G0(E
′)|p′′S ′′M ′′s T
′′M ′′T 〉 = δ(p− p
′′)δSS′′δMsM ′′s δTT ′′δMTM ′′T
×
[
P
E ′ − p2/M
− ipiδ
(
E ′ − p2/M
)]
. (16)
we obtain
〈p′SMsΨT |t(E
′)G0(E
′)J0(q)|mJ0〉 =
∑
T=0,1
∫
d3p 〈p′SMsT |t(E
′)|pSMsT 〉
×
[
P
E ′ − p2/M
− ipiδ
(
E ′ −
p2
M
)]
〈pSMsT |J0(q)|mJ0〉, (17)
with E ′ = p
′2
M
, and P denotes the principal value. Note that in Eq. (15) the magnitude of
p′ is restricted to be that of the proton in the final-state c.m. frame, while in Eq. (17) p is
the integration variable. Note also that in Eq. (17), and in what follows, we have dropped
the MT label, since all states have MT = 0: there are no interactions present that change
this quantum number.
The matrix element 〈p(′)SMsT |J0(q)|mJ0〉 needs to be evaluated so that we can calculate
Eq. (15). The matrix element can be evaluated as
〈pSMsT |J0(q)|mJ0〉 =
∑
i=1,2
〈pi −
q
2
SMs|mJ〉(δT0G
s
E(q
2)± δT1G
v
E(q
2)), (18)
where the +(−) sign applies to the i = 1(2) case, and the second factor on each line is now
purely a matrix element in isospin space. Here p1(2) is the momentum of particle 1(2) in the
final c.m. frame. Note that particle 1(2) can be either a proton or neutron.
Substituting Eqs. (4) and (18) into Eq. (15) and Eq. (17), we get the final expression
〈p′SMsΨT |(1 + tG0)J0(q)|mJ0〉
= 〈p′ −
q
2
SMs|mJ〉G
(p)
E (q
2) + 〈−p′ −
q
2
SMs|mJ〉G
(n)
E (q
2)
+
1
2
∑
T=0,1
∫
d3p 〈p′SMsT |t|pSMsT 〉
[
P
E ′ − p2/M
− ipiδ(E ′ − p2/M)
]
×
[
〈p−
q
2
SMs|mJ〉+ (−1)
T 〈−p−
q
2
SMs|mJ〉
]
(G
(p)
E (q
2) + (−1)TG
(n)
E (q
2)).(19)
Note that the final-state interaction piece in Eq. (19) itself has two parts: one for T = 0
and one for T = 1. Each part consists of a t-matrix, the free Green’s function and the
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deuteron wave function with the nucleon form factors. Here we need to integrate over
p, thus the deuteron wave function is multiplied by the half-shell t-matrix t(p′,p;Enp).
In principle, arbitrarily high values of |p| contribute to the integration which yields the
electrodisintegration amplitude. Physically, this means that the virtual photon can strike
one of the nucleons in a state with arbitrarily large 3-momentum −q+p (the other nucleon
will have momentum −p in the final proton-neutron c.m. frame). The two nucleons then
exchange momentum to reach their final state through the FSI. This is in contrast with the
PWIA, where, to reach a given final state, the virtual photon must strike the nucleon at
a specific momentum. However, in practice, the high-|p| component of the deuteron wave
function is small, so the high-momentum part of the FSI integral will be suppressed.
At this point, we have an expression for the sum of a plane-wave-impulse-approximation
piece and the final-state interaction in terms of the 3-momentum of the measured proton p′.
The next step is to express Eq. (19) in terms of partial waves.
B. Partial-wave decomposition
1. Plane-wave impulse approximation
First, we perform the partial-wave decomposition of the PWIA part of Eq. (19). To do
this we insert
1 =
2
pi
∑
J,mJ ,LS
with|L−S|≤J≤|L+S|
∞∫
0
dp p2|pJmJLS〉〈pJmJLS| (20)
into 〈p′ − q
2
SMs|mJ〉, where p = |p|. Note that the normalization adopted here is
〈k′|k〉 = δ(k− k′) (21)
and hence
〈p′J ′mJ ′L
′S ′|pJmJLS〉 =
pi
2
δ(p− p′)
p2
δJJ ′δmJmJ′δL′LδS′S. (22)
Meanwhile, the deuteron wave function appears as matrix elements
〈|p′ −
q
2
| JmJLS|mJ〉 = i
LΨL
(
|p′ −
q
2
|
)
, (23)
where the S- (L = 0) and D- (L = 2) wave components of the deuteron wave function satisfy
2
pi
∫
dpp2[Ψ20(p) + Ψ
2
2(p)] = 1. (24)
12
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FIG. 3: The momentum-space wave functions of the deuteron as a function of p, where ψ0(p) is
the 3S1 wave function and ψ2(p) denotes the
3D1 wave function. These wave functions are obtained
from the dimensional-regularization (DR) two-pion-exchange potential (TPE) up to next-to leading
order (NLO), i.e., O(Q2) (black solid line), DR TPE up to next-to-next-to leading order (NNLO),
i.e., O(Q3) (green dashed line), and the spectral-function-regularization (SFR) TPE up to NNLO
(blue dash-dotted line), where the cutoff in the Lippmann-Schwinger equation (LSE) is Λ = 800
MeV, and the SFR intrinsic cutoff is Λ˜ = 800 MeV. The red dots indicate the corresponding wave
functions obtained from the CD-Bonn potential.
The momentum-space wave functions we employ are obtained using the methods discussed
in ref.[23], and are shown, together with those of the CD-Bonn potential, in Fig. 3.
Putting this all together and using the plane-wave expansion formula (with S=1 for
deuteron)
|p′1Ms〉 =
√
2
pi
∑
L′,m′
l
Y ∗L′m′
l
(Ωp′)|p
′L′m′l〉 ⊗ |1Ms〉, (25)
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the two contributions to the PWIA matrix element become:
〈±p′ −
q
2
1Ms|mJ〉 =
√
2
pi
∑
L=0,2
∑
ml
(Lml1Ms|1mJ)YLml(Ω±p′−q/2)i
LΨL
(
|p′ ∓
q
2
|
)
.
(26)
Here (Lml1Ms|1mJ) is the Clebsch-Gordan coefficient and Ω±p′−q/2 is the angle between ẑ
and ±p′ − q
2
.
2. Final-state interaction
One can follow the same logic as for the PWIA piece to perform the partial-wave decom-
position of the FSI term. Note that the total spin (S) and isospin (T ) are conserved in the
NN interaction. Thus
〈p′SMsT |t(E
′)G0(E
′)J0(q)|mJ0〉
=
∑
M ′s
∫
d3p〈p′SMsT |t(E
′)|pSM ′sT 〉
[
P
E ′ − p2/M
− ipiδ
(
E ′ −
p2
M
)]
〈pSM ′sT |J0(q)|mJ0〉.
(27)
The matrix element 〈pS ′M ′sT |J0(q)|mJ0〉 is evaluated via the first line of Eq. (19) and
Eq. (26). The 3-dimensional t-matrix t(p′,p;E ′) can be constructed from tLSJ(p
′, p;E).
Since the deuteron has S = 1, we need only tL1J(p
′, p;E), for which:
〈p′1MsTf |t(E
′)|p1M ′sTf〉
=
2
pi
∑
J,mj ,L,L′′
mlm
′′
l
(Lml1Ms|Jmj)YLml(Ωp′)tL1J,Tf (E
′)(L′′m′′l 1M
′
s|Jmj)Y
∗
L′′m′′
l
(Ωp). (28)
Upon insertion of these results into Eq. (27) we find that we need to perform the angular
part of the integral in the following form∫
Y ∗L′′m′′
l
(Ωp)YLml(Ω±p−q/2)dΩp. (29)
Here Ω±p−q/2 is the solid angle between ẑ and ±p− q/2. We now denote the angle between
ẑ and p− q/2 as (θ′, φ), and
θ′ = sin−1
[
|p| sin θ√
|p|2 − |p||q| cos θ + |q|2/4
]
, (30)
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with (θ, φ) the solid angle between p′ and zˆ. Similarly, the angle between ẑ and −p− q/2,
which we denote as (θ′′, φ+ pi), is
θ′′ = sin−1
[
|p| sin θ√
|p|2 + |p||q| cos θ + |q|2/4
]
. (31)
Thus, to evaluate 〈p′S = 1MsTf |t(E
′)G0(E
′)J0(q)|mJ0〉, we need to do the integral over
the angles θ and φ. The integral over φ can be reduced by taking advantage of the property
of spherical harmonics:∫ 2pi
0
∫ pi
0
Y ∗lm(θ, φ)Yl′m′(θ
′, φ)d(cos θ)dφ
= 2piδmm′
√
2l + 1
4pi
(l −m)!
(l +m)!
2l′ + 1
4pi
(l′ −m)!
(l′ +m)!
∫ pi
0
Pml (cos θ)P
m
l′ (cos θ
′)d(cos θ). (32)
With the aid of Eq. (32), we can then perform the numerical integration over θ and p to
obtain the final-state interaction contribution to the longitudinal response function.
In doing this it is clearly important to have a description of the NN interaction that agrees
with data for NN final-state energies of interest. In fact, the LECs of the NN t-matrix we
adopted in our calculation of fL are those which generate phase shifts that agree with the
Nijmegen phase-shift analysis [65, 66] for Tlab ≤ 100 MeV (as can be seen in Figs. 4 and 5).
This kinematics corresponds to Enp ≤ 50 MeV.
V. RESULTS FOR THE LONGITUDINAL RESPONSE FUNCTION
In this section we present our results for the longitudinal response function of deuteron
electro-disintegration. For the nucleon form factors we adopt the results listed in Ref.
[67]. For electro-disintegration, one needs to specify two kinematic variables, e.g., (ω,q)
to describe the whole process. We adopted the following kinematic variables in order to
compare our results with those obtained with the Bonn potential in Ref. [17]: first, the
final energy of the proton-neutron system, which hereafter is labeled Enp, (previously it was
denoted E ′) i.e.,
Enp =
p′2
M
; (33)
second, the 3-momentum of the virtual photon (also in the system’s final c.m. frame) q2cm.
With Enp and q
2
cm specified, the energy of the virtual photon can be calculated to be
ωcm = Enp −
√
M2d + q
2
cm + 2M. (34)
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FIG. 4: The NN P-wave phase shifts as a function of the laboratory kinetic energy that result
from choosing vLR = v1pi + v2pi, with the latter chosen to be the SFR TPE up to NNLO (with
intrinsic cutoff Λ˜ = 800 MeV). Here the generalized scattering lengths αSJ11 are adjusted to give
the best fit in the region Tlab < 100 MeV. The Nijmegen phase-shift analysis [65, 66] is indicated
by the open diamonds. This graph is adapted from our previous publication [28].
The experimental data of Refs. [42–44] are presented in terms of the lab. frame value of
|q| and the value of the “missing momentum”,
pm = p
′
lab − qlab, (35)
with p′lab the momentum of the detected proton. All these data were taken in kinematics
such that p′lab and qlab are aligned, and so θ = φ = 0. From this information, and knowledge
of the virtual-photon energy, ωlab, we can compute the kinetic energy of the np pair in the
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FIG. 5: The best fit for the NN 3S1−
3D1 phase shifts as a function of the laboratory kinetic
energy for different cutoffs Λ ranging from 0.6 to 1 GeV. The potentials employed are the SFR
NNLO (with intrinsic cutoff Λ˜ = 800 MeV). The values of the Nijmegen phase-shifts [65, 66] are
indicated by the open triangles.
lab frame in two different ways:
Enp,lab = ωlab +Md − 2M =
√
M2 + p2m +
√
M2 + p′2 − 2M. (36)
Lorentz transformation of this quantity to the cm frame according to
Enp,cm = γ(Enp,lab − β|q|), (37)
with β given by Eq. (8), yields the Enp which we quote in our results. Alternatively, Enp,cm
can be obtained by energy conservation, applied in the cm frame:
Enp,cm =
√
M2d + q
2
cm + ωcm − 2M (38)
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where ωcm and qcm are obtained from ωlab and qlab using Eq. (9).
Before presenting the results, we introduce one kinematics which is of particular interest:
the so-called quasi-free ridge. The quasi-free ridge occurs when ωcm = 0. Physically, this
means that the virtual photon hits one of the nucleons and gives just enough 3-momentum
to put it on-mass-shell. The other nucleon remains at rest in the laboratory frame. This
occurs when:
Enp,cm ≈Md(1 +
q2cm
2M2d
)− 2M ≈
q2cm
2Md
. (39)
Consequently, on the quasi-free ridge Enp (in MeV)≈ 10q
2
cm (in fm
−2).
We now present our results. First, we adopt the NN t-matrix and deuteron wave function
generated with spectral-function regularization (SFR) applied to the two-pion-exchange po-
tential up to NNLO, with the SFR cutoff Λ˜ set to 800 MeV. Fig. 6 shows the longitudinal
structure function fL versus angle θ, i.e., the angle between p
′ and q, for Enp = 10 MeV and
q2cm = 0.25 − 25 fm
−2. The χEFT PWIA result is denoted by the red dash-double-dotted
line, with error bars indicating the effect of varying the cutoff in the Lippmann-Schwinger
equation (LSE) from Λ = 600− 1000 MeV. It is obtained using the full deuteron wave func-
tion obtained from the SFR TPE potential, evaluated at the pertinent three-momentum,
see Eq. (26).
For the final-state interaction (FSI), one needs to sum over partial-waves in order to
obtain the 3-dimensional t-matrix. We have summed over partial-waves up to J = 3, and
the results are denoted as blue dashed (J = 1), green dash-dotted (J up to 2) and black
double-dash-dotted (J up to 3) line in Fig. 62. In general, our results converge once we
include partial waves with J = 2 in our calculation of the FSI.
Here and below we compare our calculations to the calculations of Arenho¨vel and collab-
orators [17, 68]. These calculations are done using the Bonn-B potential [69] and include
PWIA and FSI pieces. This allows a direct comparison with the PWIA and FSI-included
χEFT calculations that are the subject of this work. The PWIA result obtained with the
Bonn-potential wave function is indicated by the red dotted line. When both Enp and q
2
cm
are low, i.e., Enp = 10 MeV and q
2
cm ≤ 1 fm
−2, the results agree very well. As q2cm becomes
2 Note that for J ≥ 2, there is no contact term associated with the long range part of the TPE in the
standard Weinberg’s power counting. Here we adopt the Born approximation instead of iterating the
SFR TPE in the LSE.
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FIG. 6: The deuteron electro-disintegration longitudinal response function fL as a function of θ
for Enp = 10 MeV and four different values of q
2
cm. The error bars are obtained from varying the
cutoff Λ = 600 − 1000 MeV in the LSE. The convergence of the calculation as additional partial
waves are included in the computation of the FSI is also shown. Legend as indicated. Here the
intrinsic cutoff of SFR TPE is Λ˜ = 800 MeV.
larger, the PWIA results obtained from the two potentials start to deviate from each other.
We first discuss the quasi-free ridge case shown in Fig. 6, i.e., Enp = 10 MeV and q
2
cm = 1
fm−2. Out of all four panels in Fig. 6, fL receives the least correction from the FSI here,
and, as shown in the other three panels, the further away we move from the quasi-free ridge
the larger the FSI correction becomes. This can be explained easily by the fact that, at the
quasi-free ridge, both nucleons in the deuteron are on the mass shell after being struck by
the virtual photon, and no FSI is needed in order to make the final-state particles real. On
the other hand, as we move further kinematically from the quasi-free ridge, the FSI must
provide a larger energy-momentum transfer to make the proton and neutron become real
particles in the final state, and so it becomes more important.
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Moreover, for this particular np final-state energy, the quasi-free ridge is the last q2cm
where all the PWIA and FSI results from the two potentials agree. As we increase q2cm
to 4 fm−2 and above, both our PWIA and FSI results start to diverge away from the
corresponding Bonn potential results. The error bars also grow quite significantly for q2cm >
4 fm−2, i.e. qcm > 400 MeV, particularly in the FSI. There, where both the deuteron
wave functions and the NN t-matrix enter the calculation, the results become highly cutoff-
dependent.
We now assess how this uncertainty in the χEFT fL prediction comes from the uncertainty
of the χEFT deuteron wave function and NN t-matrix. Let’s first look at the quasi-free ridge.
From Eq. (33) and Eq. (39), we infer that
|p′| ≈
|qcm|
2
(40)
at the quasi-free ridge, where the dominant element in the calculation is the deuteron wave
function ΨL(|p
′ − qcm
2
|). At the quasi-free ridge, the value of the wave-function argument
achieves its lowest possible value (for a given Enp): it is 0 (for θ = 0) increasing to 2|p
′|
(for θ = pi). Fig. 3 shows that the deuteron wave function ΨL(p) given by both the SFR
and DR TPE up to NNLO agrees with the one given by the Bonn potential at least up
to wave function arguments ≈ 100 MeV, and dies off quickly at higher momentum. Since
the high-momentum component of the wavefunction is almost zero3, this suggests that fL
calculated from these two potentials should agree with each other at the quasi-free ridge. In
fact, as shown in Fig. 7, in quasi-free kinematics the fL given by the SFR TPE up to NNLO
does agree with those given by the Bonn potential all the way up to Enp = 160 MeV.
To see where the two wave functions start to disagree, we use Fig. 8 as an example
(Enp = 10 MeV again, now at more q
2
cm values). For q
2
cm ≤ 1 fm
−2, there is no significant
difference between results obtained by χEFT and the Bonn potential. At q2cm = 4 fm
−2, the
shift due to FSI is roughly the same (≈ 3.7 × 10−2 fm at θ = 0) for both the NNLO SFR
TPE and the Bonn potential. In other words, the FSI has almost the same effect for the
two potentials, and the disagreement in the total fL comes (mostly) from the PWIA part.
The ≈ 10% difference in the PWIA amplitude originates from the difference between the
deuteron wave functions generated by NNLO SFR TPE and the Bonn potentials at around
3 The 3D1 wavefunction in momentum-space Ψ2(p) dies off at a higher momentum, i.e., p > 400 MeV.
However, it is at least 10 times smaller in amplitude than the 3S1 wavefunction Ψ0(p).
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FIG. 7: The deuteron electro-disintegration longitudinal response function fL as a function of θ
in various kinematics on or around the “quasi-free ridge”. Here the blue line represents the result
given by the Bonn potential with FSI included, and the black double-dash-dotted line denotes the
same results given by the SFR TPE up to NNLO. The error bars are obtained from varying the
cutoff Λ = 600 − 1000 MeV in the LSE. The SFR intrinsic cutoff is Λ˜ = 800 MeV.
p = 100 MeV and is not significantly enlarged by the FSI piece where the deuteron wave
function is integrated against the NN t-matrix.
On the other hand, as we increase q2cm to 10 fm
−2 (with Enp = 10 MeV) fL given by the
two different potentials starts to have a larger difference in the FSI than in the PWIA—see
the lower panels of Fig. 8. Although this final-state energy is well within the range that is
fit by our NN potential, one must remember that the deuteron wave function that enters
the FSI integral is largest when |p| = |qcm|/2, and the phase-shift data—where we perform
best fit up to Tlab = 100 MeV—only validates our computation of t(p
′, p;Enp) for Enp ≤ 50
MeV and p up to about 225 MeV. We infer that it is important for t(p′, p;Enp) to at least
accurately describe data for the on-shell kinematics corresponding to both p′(≡
√
MEnp)
and p(= |qcm|/2). If either of these is greater than 225 MeV, then the difference in the NN
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FIG. 8: The deuteron electro-disintegration longitudinal response function fL as a function of θ
for Enp = 10 MeV, and q
2
cm ranging from 0.5 fm
−2 to 16 fm−2. Here the red dash-double-dotted
(dotted) line represents the PWIA results given by the SFR TPE up to NNLO (Bonn), and the
black double-dash-dotted (solid) line denotes the FSI results given by the SFR TPE up to NNLO
(Bonn). The error bars are obtained from varying the cutoff Λ = 600− 1000 MeV in the LSE. The
intrinsic cutoff is Λ˜ = 800 MeV for the SFR TPE up to NNLO.
t-matrix generated by the SFR TPE up to NNLO and the Bonn potential enters the FSI
calculation in addition to any differences in ΨL.
In Fig. 9 we show a similar set of panels to those in Fig. 8, but at Enp = 30 MeV. The
agreement between χEFT and Bonn results is again quite good at low q2, although there is
some disagreement at backward angles once FSI is included. This trend in the final result
for fL diminishes as we move towards the quasi-free ridge. At the quasi-free ridge the cutoff
variation of the χEFT calculation is small—smaller than for Enp = 10 MeV, because the
FSI plays less of a role at this higher energy. The agreement with the Bonn potential is
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FIG. 9: The deuteron electro-disintegration longitudinal response function fL as a function of θ
for Enp = 30 MeV, and q
2
cm ranging from 0.5 fm
−2 to 16 fm−2. Legend as in Fig. 8.
also quite good there. Immediately above the quasi-free ridge these features persist, until
q2cm ≈ 6 fm
−2, at which point |qcm| becomes large enough, and the FSI important enough,
that agreement cannot be maintained.
If we now examine Enp = 60 MeV we are already in a regime where the FSI is not
trustworthy even if q2cm is low. This is reflected in the failure of the FSI-included result to
encompass the Bonn-potential answer, even within error bars, at q2cm = 0.5 fm
−2 (upper-left
panel of Fig. 10). But, already by q2cm = 1 fm
−2, the Bonn-potential and χEFT predictions
(both with FSI included) are within 10% of each other, with the difference entirely accounted
for by the χEFT result’s variation with the LSE cutoff Λ. As we move to the quasi-free
ridge, and FSI becomes less important, this variation becomes less of a component of the
full answer for fL. In consequence there is a window, up to q
2
cm ≈ 10 fm
−2, where the cutoff
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FIG. 10: The deuteron electro-disintegration longitudinal response function fL as a function of θ
for Enp = 60 MeV, and q
2
cm ranging from 0.5 fm
−2 to 16 fm−2. Legend as in Fig. 8.
dependence of the final prediction for fL is not sizable. The agreement between χEFT
and the Bonn potential for fL is also good through much of this range. However as q
2
cm
approaches 10 fm−2 the Bonn-potential and χEFT PWIA answers start to differ, especially
at small angles. Since the FSI is small in both calculations in this range, that difference is
not ameliorated in the full calculation.
We will now summarize the results of the calculations we carried out for Enp = 10− 160
MeV and q2cm = 0.1− 25 fm
−2. The results are generically similar to those displayed above,
in that, if we define
q2qf (fm
−2) ≡
Enp (MeV)
10
(41)
then our results show that for the kinematic region Enp ≤ 60 MeV and |q
2
cm−q
2
qf | < 4 fm
−2,
the calculations using χEFT up to NNLO have < 10% variation with respect to the cutoff
in the LSE . The χEFT results and those found with the Bonn potential also agree within
24
10% if |q2cm − q
2
qf | < 2 fm
−2, for Enp at least as high as 160 MeV. Somewhat remarkably
this agreement is possible even in cases where both Enp and q
2
cm appear to be outside the
range of validity of our calculation—as long as we are close to the quasi-free ridge and so
details of the FSI remain unimportant.
On the other hand, we emphasize that the χEFT FSI is reliable for low |qcm| and low
Enp, see, e.g. first two panels of Fig. 8. Indeed, in the first panel there one might be
concerned about the accuracy of our description of the deuteron wave function. The LECs
in our chiral potential are obtained through the best fit to the NN phase shifts for Tlab < 100
MeV. In general this does not give the best possible deuteron wavefunction—which is crucial
for the PWIA. An alternative would be to perform the renormalization of the LECs in the
3S1−
3D1 channel so that some of the deuteron properties, e.g., the binding energy, are very
accurately reproduced. We have verified that, by doing this, for |q2cm − q
2
qf | < 4 fm
−2 the
10% uncertainty due to the variation of the cutoff in the LSE can be reduced to 5%, but only
for lower values of Enp(< 30 MeV). Aside from that, it does not improve the discrepancy
between the results generated by χEFT and the Bonn potential. Moreover, for Enp > 60
MeV, the variation of the results with respect to the cutoff becomes larger than before, due
to the fact that the NN 3S1 −
3 D1 t-matrix now has worse convergence with respect to the
cutoff in the higher energy/momentum region. We conclude that the uncertainty of fL will
remain roughly the same unless higher orders in the chiral potential are included.
Finally, we compare our results with data for the longitudinal structure function published
in Refs. [42–44]. The kinematics and data for fL are listed in Table I. The experiments of van
der Schaar et al. [42] and Ducret et al. [43] give their data as ratios between the measured
longitudinal response and that predicted by a Paris-potential [70] impulse-approximation
calculation. For those two experiments we have calculated fPWIAL at the pertinent momen-
tum using the Paris-potential deuteron wave-function parameterization of Ref. [71]. The
result for fL given in Table II is then obtained by multiplying the final two columns in
Table I together (with the obvious exception of the single data point of Jordan et al. [44],
where the publication gives fL directly). Table II compares these experimental results for
fL with those from our χEFT calculations using the SFR NNLO potential and cutoffs of 0.6
to 1 GeV.
In fact, we find significant sensitivity of both the Paris IA and the χEFT result to the
value of Enp chosen. The value of Enp listed here is obtained from the initial-state kinematics
25
pm (MeV) |qlab| (MeV) Enp (MeV) |qcm|
2 (fm−2) fL/f
PWIA
L f
PWIA
L (fm)
van der Schaar 39.8 329 42.9 2.66 0.96 ± 0.03 5.00
et al. 69.9 299 49.5 2.18 0.93 ± 0.07 1.49
110 259 59.3 1.62 0.77 ± 0.14 0.36
-38.8 419 29.4 4.36 1.08 ± 0.03 3.15
39.8 381 53.7 3.51 1.07 ± 0.03 4.83
-58.8 503 36.9 6.24 0.96 ± 0.07 1.00
Ducret et al. -20 300 17.5 2.26 0.77 ± 0.02 ± 0.04 7.91
-20 400 51.1 2.19 0.88 ± 0.02 ± 0.05 1.32
-20 500 52.2 6.06 0.92 ± 0.02 ± 0.05 6.98
-20 600 75.0 8.53 0.92 ± 0.02 ± 0.06 5.44
-20 670 92.7 10.4 0.87 ± 0.03 ± 0.08 4.65
-100 400 10.3 4.06 0.88 ± 0.02 ± 0.06 0.137
-100 500 22.4 6.26 1.14 ± 0.02 ± 0.08 0.135
-100 600 38.5 8.86 1.15 ± 0.03 ± 0.10 0.114
-100 670 52.0 10.9 1.20 ± 0.03 ± 0.12 0.097
100 200 41.8 0.981 0.51 ± 0.01 ± 0.03 0.493
100 300 64.1 2.16 0.66 ± 0.01 ± 0.04 0.492
100 400 90.1 3.73 0.75 ± 0.01 ± 0.04 0.444
100 500 119 5.66 0.88 ± 0.02 ± 0.06 0.385
Jordan et al. 53 402 65 3.9 fL = 1.78 ± 0.07 ± 0.15 N/A
TABLE I: The first two columns give kinematics quoted in the relevant papers: the missing mo-
mentum, and the three-momentum transfer to the nucleus as measured in the lab. frame. The
next two columns give the (c.m. frame) quantities we employ for our calculation. The fifth column
shows results for fL/f
PWIA
L were extracted from plots given in Refs. [42–44]. The first error is the
statistical error, while the second is the systematic quoted in the publication. The last column
shows fPWIAL evaluated with the Paris potential. The units for the Jordan et al. fL measurement
are fm.
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given in the publications, using the relativistic energy-momentum relation. Using the value
of Enp found from the final-state kinematics to compute f
PWIA
L produces results that differ
by more than the quoted uncertainties on fL/f
PWIA
L . This makes us think that further
details of the experiments, e.g., acceptances, are needed in order to provide a completely
meaningful comparison between theory and data.
Nevertheless, some trends are already clear from the straightforward comparison between
theory and data that can be made without detailed knowledge of the experiments. For the
pm = −20 MeV data (Ducret et al.) the χEFT calculations are in good agreement with the
data, once the experiment’s ≈ 6% systematic is accounted for. For example, multiplying
the Ducret et al. data by 1.015, we find that the χEFT prediction is within 1.3 (combined
theory and statistical uncertainty of the measurement) σ for all but the Enp = 51.1 MeV
data point. The agreement for pm = 100 MeV is also very good—even at the highest q
2
cm
of almost 6 fm−2. For the rest of the Ducret et al. data set, taken at pm = −100 MeV,
the χEFT calculation is systematically below the data, and this cannot be attributed to
normalization uncertainty—at least not within the quoted systematic.
Similarly, the van der Schaar et al. data are (with one exception) all underpredicted
by χEFT at this order. This problem persists even if the entire 7% systematic uncertainty
quoted in Ref. [42] is assigned to the experimental normalization. The disagreement worsens
as q2cm increases, with the only experimental point for q
2
cm < 2 fm
−2 agreeing with the χEFT
prediction while points in the range 2 fm−2 < q2cm < 3 fm
−2 have χEFT 1-3σ below the data
(depending on how the experimental normalization is treated). The disagreement between
χEFT and data becomes dramatic at higher q2cm.
Similar under-prediction also occurs when Arenho¨vel’s Bonn-potential calculation is com-
pared to these data, so the difficulty appears generic to calculations employing only the
one-body operator for J0. It will be interesting to explore whether higher-order corrections
to the NN charge operator in χEFT can redress the difference seen here between theory and
experiment. It is also worth noting that the uncertainty due to cutoff variation in the χEFT
result is very small for most cases. This leads us to question whether varying the cutoff
between 600 MeV and 1 GeV adequately estimates the uncertainty in the χEFT result due
to higher-order effects.
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VI. CONCLUSION
We have computed the longitudinal structure function of the deuteron, fL, in χEFT, in-
cluding effects up to O(P 3) relative to leading order in the standard counting. Comparison
with calculations of Arenho¨vel et al., which use the Bonn potential, indicates good agree-
ment at low energies (Enp ≤ 60 MeV) and for q
2 which are not very distant (< 4 fm−2) from
the quasi-free ridge. We also use the Λ dependence of the χEFT calculation as a diagnostic,
to find kinematic regions where the final result for fL is sensitive to short-distance compo-
nents in the evaluation of the final-state interaction. If significant Λ dependence is present
it suggests sensitivity to such effects, which may mean that both the χEFT calculation
and the Bonn-potential calculation do not capture the full dynamics present in fL. With
this caveat in mind, we find that our calculations are able to describe data from Saclay,
NIKHEF, and Bates, on the longitudinal structure function, either within a more restricted
kinematic region (compared to the region where our results agree with Bonn potential), or
by allowing somewhat expanded combined (statistical + systematic + theory) error bars.
We also notice that both χEFT and Bonn potential give a similar trend of under-prediction
of the experimental fL with increasing q
2
cm. Further studies are needed to understand the
origin of this discrepancy.
In fact, the χEFT calculation is in good agreement with the Bonn potential and with
the data to surprisingly high energies and q2 as long as one stays on (or near) the quasi-free
ridge. This suggests that a different counting may be needed for this reaction, one where
the expansion is not in the naive kinematic variables, |p′| and |q|, but instead, perhaps
where some account is taken of the dominance of the PWIA part of the matrix element
for sufficiently high energies (Enp > 30 MeV) and sufficiently low values of the “missing
momentum” |p− q
2
|.
In the future, the recent χEFT calculations of elastic scattering on tri-nucleons [16] could
be extended to electrodisintegration, and compared with data on that reaction [72]. However,
a more obvious and immediately necessary next step is to extend this χEFT calculation to
other structure functions. The three-current operator J has also been computed to three
orders relative to leading order [4, 5, 7, 8], and comparison of fT , fLT , and fTT with data
(and Bonn-potential calculations) would be an important test of the domain of validity of
the χEFT expansion for that object.
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In closing, we reiterate that such a test can be rendered unambiguous because the results
presented here show the regions in which the χEFT expansion for the PWIA and FSI pieces
of the deuteron electrodisintegration process are under control. The absence of any NN
mechanisms in the charge operator up to the order considered makes the fL presented here
a prediction once the NN potential is fixed by the fit to NN data. The fact that we find
good agreement with both fL data and other theories in a broad kinematic range provides
further reassurance (see also Refs. [10, 14]) that χEFT does a good job of describing deuteron
structure for internal relative momenta < 0.2 GeV.
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Enp (MeV) |qcm|
2 (fm−2) fL (fm) f
χEFT
L (fm)
van der Schaar et al. 42.9 2.66 4.59 ± 0.15 4.06 ± 0.04
49.5 2.18 1.31 ± 0.10 1.09 ± 0.01
59.1 1.62 0.265 ± 0.048 0.218 ± 0.005
29.4 4.36 3.46 ± 0.10 2.78 ± 0.03
53.7 3.51 4.84 ± 0.14 3.92 ± 0.03
36.9 6.24 0.998 ± 0.073 0.911 ± 0.006
Ducret et al. 17.5 2.26 6.07 ± 0.24 6.52 ± 0.06
51.1 2.19 1.09 ± 0.04 0.94 ± 0.01
52.2 6.06 6.63 ± 0.22 6.36 ± 0.06
75.0 8.53 5.50 ± 0.18 5.23 ± 0.05
92.7 10.4 4.61 ± 0.16 5.02 ± 0.81
10.2 4.06 0.119 ± 0.004 0.096 ± 0.003
22.4 6.26 0.155 ± 0.005 0.116 ± 0.002
38.5 8.86 0.136 ± 0.005 0.105 ± 0.001
52.0 10.9 0.124 ± 0.004 0.091 ± 0.001
41.7 0.981 0.245 ± 0.010 0.271 ± 0.005
64.1 2.16 0.306 ± 0.015 0.326 ± 0.006
90.1 3.73 0.298 ± 0.012 0.310 ± 0.004
119 5.66 0.280 ± 0.013 0.261 ± 0.002
Jordan et al. 65.2 3.9 1.78 ± 0.07 2.15 ± 0.02
TABLE II: The experimental number quoted in the second-last column is the result of multiplying
the final two rows of the previous table (with the exception of the Jordan et al. point). Only
statistical errors are listed for the experimental result presented in this table, since systematic
errors are accounted for separately. fχEFTL is an average of χEFT calculations that include both
PWIA and FSI pieces and use cutoffs ranging from 600–1000 MeV, with the error bar indicating
the size of the spread.
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